We present the complete calculation of W -boson production in association with a jet in hadronic collisions through next-to-next-to-leading order in perturbative QCD. To cancel infrared divergences we introduce a new subtraction method that exploits the fact that the N -jettiness event-shape variable fully captures the singularity structure of QCD amplitudes with final-state partons. This method holds for processes with an arbitrary number of jets, and is easily implemented into existing frameworks for higher-order calculations. We present initial phenomenological results for W +jet production at the LHC. The NNLO corrections are small and lead to a significantly reduced theoretical error, opening the door to precision measurements in the W +jet channel at the LHC.
INTRODUCTION
Run I of the Large Hadron Collider (LHC) was a remarkable success, culminating in the 2012 discovery of the long-awaited Higgs boson. One major contributor to this exciting outcome was the precision QCD framework used to model and understand both the sought-after signals and the often overwhelming backgrounds. Parton shower event generators matched with higher-order calculations, parton distribution functions with robust errors, and perturbative calculations at next-to-next-toleading order all become part of the standard high energy toolkit during these years. The demand for ever-more sophisticated precision QCD calculations is only increasing as Run II of the LHC begins, and both the underlying identity of the Higgs boson and the search for physics beyond the Standard Model are pursued by the experimental collaborations.
Calculations through next-to-next-to-leading order (NNLO) in perturbative QCD are becoming increasingly necessary to match the precision of LHC measurements. The NNLO calculation of inclusive Higgs production in gluon fusion [1] [2] [3] is mandatory to understand the overall normalization of the Higgs signal at the LHC. Recently, a NNLO calculation of the top-quark forward-backward asymmetry was shown to resolve a long-standing discrepancy between theory and the Tevatron measurement [4] . Fully differential NNLO results, needed to account for the myriad experimental cuts imposed to separate signal from background, began to appear a decade ago [5] [6] [7] [8] [9] . These first calculations were for simple final states such as W , Z, and Higgs boson production. The resulting numerical codes such as FEWZ [8, 12, 13] , HNNLO [9, 10] and DYNNLO [11] have become indispensable tools in experimental analyses.
During the past few years the first few NNLO calculations for 2 → 2 scattering processes have began to appear. The full results for tt production [14] , single-top production [15] and for several color-neutral final states are available [16] [17] [18] . The situation is less advanced for processes containing final-state jets, which possess a more complex singularity structure. Partial results are available for inclusive jet production [19, 20] and Higgs+jet production [21, 22] . All such NNLO calculations require a subtraction scheme to extract infrared singularities from real-emission amplitudes and cancel them against the corresponding divergences appearing in the virtual amplitudes. Currently, two subtraction schemes have been demonstrated to successfully handle processes containing final-state jets in hadronic collisions: antennae subtraction [23] and sector-improved residue subtraction [24, 25] . Although powerful, both approaches require the development of a sophisticated and specialized machinery. It appears difficult to merge such calculations into a common framework with other standard tools used by the high energy physics community.
An alternative to such techniques is q T -subtraction [9] . It leverages the observation that for color-neutral final states, the transverse momentum q T of the final state completely determines the singularity structure of the contributing QCD amplitudes. For q T above some small resolution parameter, the result is simply the NLO calculation for the color-neutral state plus an additional jet. Below the cutoff, the cross section is dominated by large logarithms of the final-state mass scale over q T . This cross section can be obtained by expansion of the wellknown resummation formula to fixed order. In addition to its conceptual appeal, q T -subtraction is numerically efficient. The most computationally challenging component of the calculation is simply the NLO calculation above the cutoff, for which many standard frameworks exist. Unfortunately, q T -subtraction cannot be extended beyond color-neutral final states, since the transverse momentum no longer completely describes the singularity structure of QCD cross sections with final-state jets.
In this manuscript we introduce a subtraction scheme . Above the cutoff, the result is the NLO calculation with N + 1 jets. Below the cutoff, the resummation formula for T N can be used to obtain the cross section through NNLO. In this phase-space region the cross section can be written in terms of a small number of known universal functions, together with the process-dependent two-loop virtual corrections. We demonstrate our method with a highly non-trivial example: W +jet at NNLO. This calculation is needed for numerous LHC phenomenological applications, including the determination of the gluon distribution function. It is the only process containing final-state jets for which the complete NNLO QCD corrections with all partonic channels are now known. We present here selected numerical results for W +jet production for the LHC. A detailed phenomenological study will appear in a longer paper. We find that the NNLO corrections decrease the NLO cross section by approximately 3%, and significantly reduce the residual theoretical uncertainty as estimated by scale variation. Our computation makes precision measurements possible in the W +jet process at the LHC.
THEORETICAL FRAMEWORK
We sketch here the subtraction scheme based on Njettiness that we have developed. We begin with the definition of N -jettiness, T N , a global event shape variable designed to veto final-state jets [26] :
The subscript N denotes the number of jets desired in the final state, and is an input to the measurement. For the W +jet process considered here, we have N = 1. Values of T 1 near zero indicate a final state containing a single narrow energy deposition, while larger values denote a final state containing two or more well-separated energy depositions. The first of these configurations will eventually reconstruct to one jet after imposing a jet algorithm, while the second will reconstruct to two or more jets. The n i are light-like reference vectors for each of the initial beams and final-state jets in the problem, while the q k denote the four-momenta of any final-state radiation. The Q i are dimensionful variables that characterize the hardness of the beam-jets and final-state jets. We set Q i = 2E i , twice the energy of each jet. A factorization theorem for T N has been derived, allowing it to be resummed to the next-to-next-to-leading logarithmic level in the small T N limit [27] . Using this factorization theorem, the cross section for a hadronic process for T N less than some value T cut N can be written in the schematic form
Here, H describes the effect of hard radiation; when dimensional regularization is used this function simply encodes the virtual corrections to the process. B encodes the effect of radiation collinear to one of the two initial beam directions. It can be further decomposed as a perturbative matching coefficient convoluted with the usual parton distribution function. S describes the soft radiation, and J n contains the radiation collinear to a final-state jet. Depending on the observable and process under consideration, only a subset of these terms may be present. The ellipsis denotes power-suppressed terms which become negligible for T N Q i . If this formula is expanded to fixed-order in the strong coupling constant, it reproduces the fixed-order cross section at low T N . Currently the hard function is known at NNLO for many phenomenologically interesting cases, including the W +jet process considered here [28] . The beam functions are known at NNLO [29, 30] , as are the jet functions [31, 32] . The only missing ingredient for a NNLO description of the low T N region is the soft function. It was previously known only through NLO [33] , but we have shown how to reduce its calculation to a numerical integral that is simple to evaluate [34] . We present the one-jettiness soft function needed for W +jet production at NNLO in this manuscript. This completes the necessary ingredients for a NNLO description of the low T N region.
A full NNLO calculation requires as well the high T N region above T cut N . However, a finite value of T N implies that there are actually N +1 resolved partons in the final state. This is the crucial observation; T N completely describes the singularity structure of QCD amplitudes that contain N final-state partons at leading order. The high T N region of phase space is therefore described by a NLO calculation with N + 1 jets. The path to a full NNLO calculation with final-state jets is now clear. Divide the phase space according to whether N -jettiness is larger than T cut N or smaller. Below this cut the cross section is given by the factorization theorem of Eq. (2) expanded to second order in the strong coupling constant. Above the cut, the cross section is described by a NLO calculation containing an additional jet. We must choose T cut N much smaller than any other kinematical invariant in the problem in order to avoid power corrections to Eq. (2) below the cutoff. We find that the required values of T cut N are not very restrictive, and we address this issue explicitly in the context of W +jet in the next section.
VALIDATION OF THE FORMALISM
We next discuss the validation of the T N -subtraction formalism we have introduced, in the context of our calculation of W +jet at NNLO. An advantage of our formalism is that it maximally reuses known information coming from existing NLO calculations. Above T cut N we need a NLO calculation of W +2-jets, which we obtain from MCFM [35] . For the terms which contribute below T cut N , we have checked our implementation of the two-loop virtual corrections against those contained in PeTeR [36] . Our calculation and validation of the necessary N -jettiness soft function will be detailed in a separate publication [34] . However, we comment here briefly on the structure of this function and the checks we have performed. The soft function contains both logarithms of T N and a term with the functional dependence δ(T N ). The logarithmic dependence on T N through NNLO can be determined from the next-to-next-to-leading logarithmic resummation of this variable. The abelian C 2 F contribution to the δ(T N ) term can be determined from softgluon exponentation. Only the non-abelian δ(T N ) term cannot be determined from known results. We show in Fig. 1 both the abelian and non-abelian contributions to the δ(T 1 ) term of the soft function for the gluon-quark initial-state partonic channel. The abelian contribution obtained using the technique of Ref. [34] agrees with the prediction of exponentation. A powerful check of our formalism is that the logarithmic dependence on T cut N that occurs in the separate low and high T N regions cancels when they are summed. This requires that almost all parts of our calculation are implemented correctly and consistently; the beam, soft, and jet functions, as well as the NLO corrections to W +2-jets, are probed by this check. We show in Fig. 2 These cross sections are obtained using NNPDF parton distribution functions [37] , and contain the following fiducial cuts on the final-state jet: p jet T > 30 GeV, |η jet | < 2.4. These choices follow a recent CMS analysis of the W +jet cross section [39] . The ATLAS analysis is similar but with slightly different cuts [40] . Both the renormalization and factorization scales have been set to µ = M W . Over the region 0.04 GeV < T cut N < 0.1 GeV, the results from the separate regions vary by a few thousand picobarns, but their sum is stable to better than one picobarn, a size which represents an 0.1% correction to the total cross section. We note that the most numerically time-consuming part of this calculation, the NLO corrections to W +2-jets, have been obtained using the double precision version of MCFM, both the single-core version and the new multi-core implementation [38] . We have checked that for larger values of T As a final check of our computation, we have applied our formalism to calculate the NNLO corrections to Higgs production in association with a jet, for which partial results are available [21, 22] . We find agreement with the fiducial cross section for this process. The details of this computation, together with phenomenological results for the LHC, will be presented in a separate manuscript [41] .
NUMERICAL RESULTS
We present here first numerical results for W + +jet production at the LHC. We focus on √ s = 8 TeV collisions, and use CT10 parton distribution functions [42] at the same order of perturbation theory as the corresponding partonic cross section. Our central scale choice is µ = M W . To obtain an estimate of the theoretical errors we vary µ away from this choice by a factor of two. We again impose the following cuts on the final-state jet: p jet T > 30 GeV, |η jet | < 2.4. We reconstruct jets using the anti-k T algorithm [43] with R = 0.5.
We begin by showing in Table I the total cross section subject to the above cuts at LO, NLO, and NNLO in the strong coupling constant. These numbers include the branching fraction for the W -boson to decay to a single lepton flavor. The cross section shifts by +40% when going from LO to NLO in perturbation theory, but only by −3% when going from NLO to NNLO. The scale variation is approximately ±7% at LO and NLO, while at NNLO it is reduced to the percent level. We note that at NNLO the largest cross section is obtained for µ = M W , leading to the lack of scale variation in the upper direction in the Table below. These initial results should be viewed only as an estimate of the theoretical error. In future work we will perform a more detailed phenomenological study that will allow µ R = µ F , and will study dynamical scale choices as well. However, the trend is clear; the residual theoretical error is reduced to the percent level at NNLO, and excellent convergence of the perturbative series is obtained. Table I : Fiducial cross sections, defined by p jet T > 30 GeV, |ηjet| < 2.4, using CT10 PDFs at each order of perturbation theory.
In Fig. 3 we show the transverse momentum spectrum of the leading jet at LO, NLO and NNLO in perturbation theory. The ratios of the NLO cross section over the LO result, as well as the NNLO cross section over the NLO one, are shown in the lower inset. The shaded bands in the upper inset indicate the theoretical errors at each order estimated by varying the renormalization and factorization scales by a factor of two around their central value, as do the vertical error bars in the lower inset. The NLO corrections are large and positive for this scale choice, increasing the cross section by 40% at p jet T = 40 GeV and by nearly a factor of two at p jet T = 180 GeV.
The scale variation at NLO reaches approximately ±20% for p jet T = 180 GeV. The shift when going from NLO to NNLO is much more mild, giving only a few-percent decrease of the cross section that varies only slightly as p jet T is increased. The scale variation at NNLO is at the 2-3% level and is nearly invisible on this plot. The inclusion of the NNLO QCD corrections has stabilized the perturbative series for the W +jet process, making it an ideal channel in which to precisely determine fundamental quantities of the Standard Model. The transverse momentum spectrum of the W -boson is shown in Fig. 4 . The NLO corrections are again 40% for p W T ≥ 50 GeV with a sizable scale dependence, while the NNLO corrections are flat in this region and decrease the cross section by only a few percent. The phase-space region p W T < 30 GeV only opens up at NLO, leading to a different pattern of corrections for these transverse momentum values. The instability of the perturbative series in the bins closest to the boundary p W T = 30 GeV is caused by the well-known Sudakov-shoulder effect [44] .
CONCLUSIONS
We have presented in this manuscript the complete NNLO calculation of W -boson production in association with a jet in hadronic collisions. To perform this computation we have introduced a new subtraction scheme based on the N -jettiness event-shape variable T N . The critical observation upon which this technique relies is that T N completely captures the singularity structure of QCD amplitudes with final-state partons. This allows the NNLO cross section for a process with N final-state jets to be written as the NLO cross section for N + 1 jets in the region T N > T cut N , plus a contribution arising from T N < T cut N . The lower T N region can be obtained by expanding out the resummation formula for this variable to the appropriate order. The last missing ingredient needed to obtain this expansion was the soft function, which we have now derived [34] . We have validated our approach in several ways: when possible the various components have been cross-checked against known results in the literature, the necessary cancellation of the logarithmic T cut N between the phase-space regions T N > T cut N and T N < T cut N has been established, and we have reproduced known results for Higgs production in association with a jet at NNLO. We are fully confident that the T N subtraction is a novel and powerful approach to the computation of QCD cross sections at higher orders in perturbation theory.
The NNLO corrections to the W +jet process indicate a remarkably stable perturbative series ready to be used for precision measurements at the LHC. The corrections when going from NLO to NNLO in the strong coupling constant decrease the cross section by approximately 3%, and are flat as a function of the leading-jet p jet T . The residual scale variation is reduced from ±20% at NLO to the percent-level at NNLO. We will further study the phenomenological impact of our NNLO result in future work, including the prediction for the exclusive one-jet bin, where an intricate interplay between various sources of higher-order corrections was recently pointed out [45] .
We believe that the jettiness-subtraction technique introduced here represents a watershed moment in the field of higher-order calculations. For the first time a completely general subtraction scheme valid for any number of final-state jets has been introduced that is based on a factorization theorem which extends to all orders in perturbation theory and is straightforward to implement in existing frameworks for NLO calculations. We anticipate that the W +jet process presented here is only the first of many results obtained with this novel technique.
